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Abstract 

Continuing previous work by the authors (J. Math. Soc. Japan 60 (2008), 1009-1044), this paper 
gives the precise order of vanishing of the cr-function on a stratification of the Jacobian of a cyclic 
Crs curve. The result is expressed through combinatorial properties of the Schur functions, related 
to the stratification of Sato's infinite-dimensional Grassmann manifold. 
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1 Introduction 

Vanishing theorems for Riemann's theta function have been investigated classically as well as in the 
current literature, and connected with problems as diverse as the Schottky problem and integrable 
nonlinear PDEs. The Riemann theta function has special algebraic properties when it comes from 
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a Riemann surface; in fact we focus on a special type of curve X (reviewed in Section [SJ which is a 
cyclic cover of P'^, as in our previous paper [MP1| . We were able to express certain abelian functions 
in terms of the polynomial defining the affine part of the curve. We used the a function, associated to 
the theta function, which Klein introduced ^ for genus-2 curves to generalize the genus- 1 Weierstrass 
a; further work ensued in the 19th century, mainly for hyperelliptic curves (Klein, H. Burkhardt, O. 
Bolza); Baker brought the theory together in a monograph [B3) and extended the analysis (e.g., the 
aspect of power-series expansion and partial differential equations). More recently, a was studied for 
all Crs curves (cf., e.g., [EEL]). By taking suitable limits, we obtained the order of vanishing of a 
on the stratification in the Jacobian given by the Abel image of the symmetric products S''{X) of 
the curve |MP11 Remark 5.8]. In this note, we revisit that statement, as a consequence of Riemann's 
singularity theorem, in terms of Schur functions. We obtain a vanishing pattern using Young diagram 
(Th. I5.15|) and express ratios of coefficients of the multivariable Taylor expansion of a by algebraic 
functions (Th. I5.23p . The key technique consists in enabling partial derivatives on the Jacobian 
image of symmetric powers of the curve, cf. Section |4l just as Klein and Baker used the derivative 
along the c urve. These techniques have produced new solutions of non-linear wave equations |MP2) . 



In Ol 



Onishi gave a non-vanishing theorem for a over a hyperelliptic curve Xof genus g given 
by affine equation = x^^^^ + \igX^^ -I- • • ■ -I- Aia; -I- Ao and a point oo, as a special case of the 
Riemann Singularity Theorem (Section O; precisely: 

Theorem 1.1. ForO < fc < iet D = Pi + ■ ■ ■ + Pfc belong to 5'=(X\oo) \ (5f (X) n 5'=(X\oo)), 

where Si (X) are divisors in S'^{X), the k-th symmetric product of the curve, whose linear series has 
projective dimension at least 1; let 



E 

1=1 

for a suitable basis of holomorphic differentials, and 

{g, g — 2, . . . , k + 2, k} if g — k is even, 

{g ~ 1, g — 3, . . . , k + 3, k + 1} otherwise; 

call Tifc :— ij^\\h the cardinality of the set \]k- The following holds: 

1. For every multiple index (ai, . . . , am) with Oi G {1, ...,<?} (possibly repeated) and m < rik, 



dUa^ ■ ■ ■ dUa 



a(uW) = 0. 



2. For the multiple index \\k, 



We show some examples of \\k in Table 1.1. 




(1.1) 



Tabic 1.1 
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(2, 11) 
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(2, 13) 
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{2,4, 6} 


{3.5} 


{4,6} 


{5} 


{6} 


(2, 15) 


7 


{2,4, 6} 


{3. 5, 7} 


{4,6} 


{5, 7} 


{6} {7} 


(2, 17) 
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{2,4,6,8} 


{3, 5, 7} 


{4, 6, 8} 


{5, 7} 


{6.8} {7} {8} 



Onishi generalized the theorem to cyclic C33 and Csa curves [02l IMQ) . For the analogous 
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similar (non-)vanishing results hold, exemplified in Table 1.2. 



Tabic 1.2 
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12 


{2, 5. 8, 12} 


{3, 7. 9} 


{4, 8.11} 


{5. 9, 12} 


{6, 10} 


{7, 12} 


{8} 


{9} 


{10} {11} {12} 





In this article, we generalize these relations to the C s curve of Section [21 based on results of our 
previous paper [MPl) and on the theory of Young diagrams, which governs the Schur function: indeed, 
Nakayashiki related a and Schur functions for general Crs curves "N], proving formulas identified in 
[BLE1| . 

Theorem 15.151 below may be of independent interest in the theory of Schur functions and their 
derivatives on the stratification by partitions of Sato's Grassmannian (more general than our case, 
which is concerned with partitions related to the Weierstrass gaps of a Crs curve). Precise knowledge 
of the order of vanishing of a in terms of Weierstrass gaps is important not only for the intersection 
theory of the Jacobian, cf. [BVj . but also for the intersection theory of the moduli space of Jacobians, 
in terms of Brill-Noether strata. 

The paper can be read independently of the previous part [MPlj : below, we briefly set up the 
notation, cite the statements we need and give precise references to proofs in [MP1| . Providing an 
index of the numerous symbols we have to introduce did not seem practical: instead, to display the 
various patterns, we give two illustrations, beyond the previously mentioned, being pentagonal and 
heptagonal. The Weierstrass-gap and Young-diagrams numerology is provided in Section [21 the O 
stratification and Schur function notation are found in Section [3l this notation recurs in Section [5l 
which contains our main results. 

One of the authors (S.M.) thanks to Yasushi Homma for his private notebook on Young diagram; 
this work is based upon it and Kenichi Tamano for private lectures for two decades. The authors 
are grateful to Victor Enolskii and Yoshihiro Onishi for posing these problems and suggesting the 
relation between sigma functions and Young diagrams. They wish to acknowledge the hospitality of 
Hanse Institute for Advanced Study (Hanse-WissenschaftskoUeg) as participants of the conference, 
"Algebro-geometric methods in Gauge theory and General Relativity" (September 2011) when parts 
of this work were done. They also thank the Referee for many crucial and helpful comments, especially 
detecting some errors in earlier proofs of CoroUarv 15.41 and Lemma [5.111 E.P. wishes to acknowledge 
very valuable partial support of her research under grant NSF-DMS-0808708. 

2 The Crs curve and the pre-image of its Wirtinger vari- 
eties 

We recall from [MP1| notations and basic properties for the Riemann surface 

X~{ix,y) 1 y^ = f{x)}Uoc 

whose finite part is given by an afhne equation 

y" = fix), fix)~x'+Xs-ix'-^ + --- + \ix + Xo. (2.1) 

The integers r and s are such that (r, s) — 1 and r < s; the complex numbers Ao, • • • , Aa-i are such 
that the finite part of X is smooth. This is a particular Crs curve (a nomenclature introduced in the 
1990s to generalize elliptic curves in Weierstrass form). It has genus g = ilnl^lnli. in Section 5 we 
will implicitly consider the degeneration of X to a singular curve Xq for which all A's vanish. 

Let 7? :— C[x, y] / {y^ — f (x)) , Ox be the sheaf of holomorphic functions over X and J the Jacobian 
of X. We note that R — Ox{*oo) is the ring of meromorphic functions on X regular outside <x, 
where * stands for the order of pole. 
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We define uniquely the (monic) monomial <(>„ & R for a non-negative integer n so that it has order 
of pole N{n) at ex, the n-th integer in the (increasing) sequence complementary to the Weierstrass 
gaps: (po = 1, (pi = X, etc.; by letting too be a local parameter at oo, the leading term of </>n is 
proportional to t^^"\ Primitive computations show that A'^(O) = 0, N{g — 1) = 2g — 2, N{g) = 2g 
for Cr,3 curve. We define the w-degree, deg„ : i? — >■ Z, which assigns to an element of R its 
order of pole at oo, deg,^(a;) = r, deg,^{y) — s, deg^((/f>,i(P)) = N{n). We also consider the ring 
:= Q[3;, J/, Ao, . . . , As-i]/(j/' — f{x)) by regarding A's as indeterminates, and define a A-degree, 
deg;^ : Rx — >■ Z as an extension of the w-degree by assigning the degree (s — i)r to each Ai. This 
makes the polynomial defining the curve, — f{x), homogeneous of degree rs with respect to the 
A-degree. 

We denote a point P G X\oo by its affine coordinates {x,y); we also loosely denote by a fc-tuple 
(Pi, . . . , Pfc), or by a divisor D — X^iLi Pi^ s-n element of S^{X), the fc-th symmetric product of the 
curve. For a given local parameter t at some P in X, by dy{t^) (resp. d^{t^)) we denote the terms 
of a function on X in its t-expansion whose orders of zero at P are greater (resp. less) than £; d>{t^) 
(resp. d<(t^)) includes terms of order £. Using it and the local parameter t^o at oo, we have 

x = y= Tj-(i + rf>(ioo)), 0„(P) = ^(i + d>(t.o)). 

''oo ''oo too 

A basis {v' i, . . . , g} of H^\X, Kx), where Kx as customary denotes the canonical bundle (and 
with a slight abuse of notation we do not distinguish between the bundle, given divisor, and sheaf 
that correspond to each other), is given in terms of the following [Bll Ch. VI, §91], 

We extend the w-degree to one- forms, by fixing the local parameter at oo, so that for a one- form 
~ (^So + dy{t^))dtoo, deg^{i') — — n. Since we have 

= t^-'^("~'>~'(l + d>o(tco))dtoo, (2.3) 

the degree is given by 

deg^-i(:/^) = 2ff-Af(z-l)-2, 

where deg^-i (/) = — deg„(/), and to entire functions on C®, by pulling them back to the curve via 
the Abel map defined next. Using the analytic as opposed to the algebraic nature of the curve, we 
consider the Abel images of the fc-fold symmetric products of the curve: 













ft 


(1 


Is. 












' oo 


vJ 



\{x,,yi)eX) CJ, (2.4) 



where k is the projection J — C^/II, 11 is the period lattice of the basis {v' i, . . . , g}, and 

J is the Jacobian of X. We denote by w the Abel map from cS*(X) of X to fi;~^VV* with base-point 
00, for any positive integer k. Note that there is a remaining Il-ambiguity due to the choice of path 
of integration: our results below will be independent of such ambiguity, but they require a g-tuple of 
complex numbers to be given explicitly, w : (Pi, . . . , Pfe) i— >■ w{Pi, . . . , Pk) — Yli^i ^ ^ where 

we abbreviate by i/' the (7- vector of holomorphic differentials i. When an analytic function, say, 
of g complex variables is evaluated on u := w{Pi, . . . , Pk), we view it as function of the coordinates 
(ui, . . . , Ug) of the (column) vector u, as the convention goes. We also introduce 

S:^{X):^{D€S"{X) |dim|i3|>m}, 

where \D\ is the complete linear system w'^ {■w{D)) [ACGHI IV. 1]. If n < g, the singular locus of 
5"(X) after moding out by linear equivalence, or projecting to the Picard group, is Si(X) ACGHl 
Ch. IV, Proposition 4.2, Corollary 4.5, where our 5"(X) is C°]. We let W;;, := w{SZ{X)). ' 

The choice of basis {u^ i, . . . , g} allows us to connect the expansion of the a function (cf Section 
[31) in the attendant Abelian coordinates {ui, ...,Ug} with the gap sequence at 00. To do so, we 
introduce a Young diagram (cf., e.g., [Sl lBLEl] ) A relative to the Weierstrass-gap sequence: from the 
top down, 1 < i < g, the rows have length: 



A, = Nig) -N{i-l)-g + i-l^g-N(i-l) + {i-l), 
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1— i 

where w(oo) is the Weierstrass weight of the point oo (if we write Aj for (j > g) we set it equal to 
zero). 



We give two examples, since the first in the pentagonal class, cf. [MO) , and the second heptagonal 
(the fact that both r and s are prime numbers is not essential but more convenient): For the case 
(r,s) = (5,7) (Table 2.1), we have 
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For the case (r, s) = (7,9) (Table 2.2), we have 
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Lemma 2.1. For n e i(;(P), P € X, 

deg^-i (^;.) = N{g) -N{i-l)-l = 2g 
and deg„-i(ug) = 1. 



-iV(i-l)-l 



= A, +5 
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Proof. From H2.3I) . for a point P around oo, Vi is expressed by a local parameter too'- 

and thus we have deg^_i {v^) ^ 2g - N{i - 1) - 1 = N{g - 1) - N{i - 1) + 1. □ 

Remark 2.2. We extend the degree to m = w{Pi,...,Pk) for points Pi £ X (i — 1, . . . , fc) by 
deg„-i('Ui) = deg„-i(i;i) since by letting each Pj be expressed as a local parameter too,j around oo, 
we have 

= 2g-iV('^l)-l + ■ ■ • + 4^/^'-''-^ (1 + '^>o(*^)) • (2-5) 

Here we use the multi-index convention for a :— (ai, . . . , at), 

k 

t" ~ t"H2^ ■ ■ ■ t'^'' , a = {ai,a2,...,ak), |a|:=^Qi, (2.6) 

1=1 

and extend the definition ci>(tf) to the variables, ti,...,tk- d^{t^) G {X]|a|>^ '^"^"1 ^^'^ d.>{t^) £ 
{X]|a|>f It should be noted that 

f g = (ioo.i H h foo.fc) (1 + d>o(too)) and deg^^_i (ug) = 1. 

Remark 2.3. By Serre duality, specifically dim//"(X, D) = degI>-g+l-dim_ff°(X, (2g-2)oo-D), 
we have a symmetry in the Young diagram. 

Remark 2.4. Using Remark 12.31 deg„-i(ui) = Ai + <? — i is the hooklength (cf. [S] Ch. 3]) of the 
node (1, i) in the Young diagram A. 

In I MPlj , we introduced meromorphic functions on the curve, reviewed here in Definition 12.51 
which generalize the polynomial U in Mumford's {U, V, W) parametrization of a hyperelliptic Jacobian 
(which he attributes to Jacobi) M, Ch. Ilia]. 

To achieve an algebraic representation, e.g. in Section |4l of Abelian vector fields, we introduce 
the Frobenius-Stickelberger (FS) matrix and its determinant following |MP1) . Let n be a positive 
integer and Pi, . . . , P„ be in X\oo. We define the l-reduced Frobenius-Stickelberger (FS) matrix by: 



(Pl,P2,...,Pn) 



/I <^i(Pi) 4>2{Pi) ■•■ <^i{Pi) ■■■ MPi)\ 

1 MP2) MP2) ■■■ MP2) ■■■ MP2' 



\1 MPn) MP^) MPn) ■■■ MPn)J 



and ipn\Pi, P2, • ■ • , Pn) I'ifiP^Pi, P2, ■ ■ ■ , Pn)\ (a check on top of a letter signifies deletion). It is 
also convenient to introduce the simpler notation: 

MPl,---, -Pn) := !*i"'(A, . . . , Pn)|, *„(Pl, ...,P„)~ *L"'(A, . . . , Pn), (2.7) 

for the un-bordered matrix. We call this matrix Frobenius-Stickelberger (FS) matrix and its determi- 
nant Frobenius-Stickelberger (FS) determinant. These become undefined for some tuples in (X\oo)". 

Meromorphic functions, viewed as divisors on the curve, allow us to express the addition structure 
of PicX in terms of FS-matrices. For n points (Pi)i=i,...,n G X\<x, we find an element of R associated 
with any point P = {x,y) in (X\oo), a„{P) := a„{P- Pi, ... , P„) = J2"^o ai(j)i{P), £ C and a„ = 1, 
which has a zero at each point Pi (with multiplicity, if the Pi are repeated) and has smallest possible 
order of pole at oo with this property. We obtain an(P) from the FS matrix as the /i„ defined 
herewith: 

Definition 2.5. Por P, Pi, . . . , P„ G (A:\oo) x 5"(X\oo), we define ^i„(P) by 

/in(P) :=Mn(P;Pi,...,Pn) := hm ^ — Vn+i(P;,...,P;,P), 

where the Pi are generic and the limit is taken (irrespective of the order) for each i; we define 
^in,fc(Pi, • • • ,Pn) by 



. {P) = MP) + E(-l)""Vn,fc(Pl, . . . , Pr.)MP), 



fc=0 



with the convention /in,n(Pi, ■ • ■ , Pn) = 1. 
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Lemma 2.6. Let n be a positive integer. For (Pi)i=i,...,n G S"{X\oo), the function an over X 
induces the map (which we call by the same name): 

a„ : 5"(X\cx)) ^ 5'^<"'-"(X), 

i.e., to (Pi)i=i,...,n G S"{X\(x) there corresponds an element (QOi=i,...,iv(n)-n, G S^^"^~"{X), such 
that 

^Pi-noo^- Qi + {N{n) -n)oo. 

i=l i=l 

For an effective divisor of degree n, D £ S"{X), let D' be the maximal subdivisor of D wfiidi 
does not contain oo, D = D' + {n — m)oo where degD' = m(< n) and D' G 5'"(X\oo): we extend 
the map a„ to by defining q„(D) = Qm(D') + [N{n) - n - {N{m) - m)]<x. 

We see from the linear equivalence of Lemma [2.61 

Proposition 2.7. For a positive integer, the Abel map composed with a„ induces 

— >■ W , KOWI-^—KOW. 

Let image(tn) be denoted by [— 1]W". 
Remark 2.8. We recover the well-known result: The Serre involution on Pic®~^, C i— >■ KxC~^ , is 
given by ig-i, 



3 The cr-function 



In this section, we summarize the results of |MP1) that are needed below. As customary, we choose 
a basis Qi, /3j (1 ^ i, j ^ g) of H\{X, Z) with intersection pairing ■ Qj = Pi ■ j3j = 0, Qi • j3j — 5ij, 
and we denote the half-period matrices by 



r / //I 1 



7 " 


f 




/ j 







, (3.1) 

ij = l,2,...,a ~ LJ at J Pi J i,j = l,2,...,g 

where u'^ j — j{x, y) (j = 1, 2, • • • , g) are differentials of the second kind Fl , Corollary 2.6], which 
we defined algebraically in |MP1] after [EEL] . 

The following Proposition gives a generalized Legendre relation [B1IIBLE21 lEEL] . 

Proposition 3.1. The matrix 

2uj' 2ui" 
2r?' 2r;" 



M 



satisfies 



M 



1 



(3.2) 
(3.3) 



By the Riemann relations [Fl[ . it is known that Im {ui' ^uj") is positive definite. Referring to 
Theorem 1.1 in [FT], let 



5 := 



S' 
S" 



(3.4) 



be the theta characteristic which gives the Riemann-constant vector cjr — 2lj" S" + 2iu' S' with respect 
to the base point oo and the period matrix [ 2uj' 2lj"] . 

We define an entire function of (a column-vector) u = ^{ui,U2, . . . ,Ug) G C, associated to a 
translate of the Riemann 9 function (i.e., they differ by a multiplicative factor which is the exponential 
of a quadratic form in the variables, cf. [Ll Chapter IV]), 



a(u) = a(u; M) = a{ui,U2, . . . , Ug; M) 



/It / . 
= cexp(— ^ uri u) 



i /-I //N 

u; U) LO ) 



/It / /—I \ 
cexp(— 2 urj uj u) 



(3.5) 



cxp { v^[7r \n + 5V~'a;"(n -f 5') + \n + 5'){uj''^u + 5")]}, 
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where c is a constant that depends on the moduh of the curve. Since in this paper we deal only with 
ratios of cr-functions, or with the vanishing order of a, we tacitly suppress the constant c. 
For a given u G C^, we introduce u' and u" in so that 

u — 2u}'u' + 2u}"u" . 

Proposition 3.2. fMPli PropostUon 4.3] For u, v £ C, and (= 2tj'£a' + 2a;"4") € H, we define 

L{u, v) := 2 ^u{ri'v' + rj" v"), 
X(^a) := exp[^y^(2(*4'5" - 'iJ'S') + 'ijlj')] (G {1, 

The following holds 

cj{u + 4) = o-(u) exp(L(tt + i^, 4))x(^a). (3.6) 

Remark 3.3. The above periodicity property of a is essentially the same that holds for the normal- 
ized theta function in Chapter VI of [L]. The normalized theta function is based upon the Hodge 
structure of the Jacobian, whereas cr is related to the symplectic action appearing in the Legendre 
relation, cf. Proposition 13. II We note here the specific periodicity because our vanishing results allow 
us to extend it to certain derivatives of o, cf. CoroUarv 15.171 

The vanishing locus of ct is: 

e«-' = (>V«-'u[-l]W"') = >V»"\ (3.7) 

The last equality is due to our choice of base point co such that {2g — 2)oo — Kx', indeed, ~w{D) = 
'w{—D) by definition for a divisor D, and when D has degree g — 1, hy Serre duality D is special if 
and only if Kx — D is special. The reason for introducing W^~^ U IJVV"^ is that the analogous 
loci when g — 1 is replaced by k play an important role and W'' is not [—1] -invariant in general: 

Qfc y^;fe u [-i]n;*. (3.8) 

Similarly, we define 

:= w{SUX)) U [~l]w{S^iX)). (3.9) 

For {r = 2, s = 2g + 1) (hyperelliptic) curves and oo a branch point, 0*^ equals for every 
positive integer k but in general it does not. 
The main result in |MP1| is the following: 

Theorem 3.4. (Jacobi inversion formulae over 0*) The following relations hold 

1. case: for [P^, . . . , Pg) eS^X)\S({X) and u = ±w{Pr, . . . , Pg) G n'^iQ"), 

ai{u)(Jg{u) - ag^{u)G(u) _ ,p p. fnrn^i<n 



2. e»-' case: for {Pi,...,Pg^i) e S'>-''{X)\Sr\X) and u = ±w{Pi, . . . , Pg^i) € k-'' (Q^-^) 

_ r(-l)''->a-i,,-i(Pi,...,P9-i) forO<i<g, 



Og{u) \ 1 fori^g. 

3. e'^ case: for (Pi,...,Pfe) G S''{X)\S^{X) and u = ±u>(Pi, . . . , P^) G i^'^iQ^), 

r(-l)'-'+VM-i(A,...,P*) forQ<i<k, 
'''^''> -I 1 fori = k + l, 

1 for k + 1< i < g. 



Remark 3.5. We could easily extend parts 2. and 3. of Theorem 13.41 to any non-singular (r, s) 
curve, with affine equation: 

f{x,y)^y^ + x^+ Yl ^^^y^'-O, (3.10) 

i,j :rs>si-t-rj >0 

where Xij are complex numbers. As stated in Section 2, we limit our study to the cyclic type to use 
the work in [MPl) . For the general Crs curve, the definitions of Section 2 are naturally modified (cf. 
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[EEL]). As mentioned in [MP 11 Remark 5.10], Theorem 13.41 2. and 3. could be proved by Fay's and 
Jorgenson's results [Fll [j] which hold for every Riemann surface, including (|3.10|l . A direct proof 
can also be given by the result of Nakayashiki ^ Theorem 1] , where the sigma function is explicitly 
expressed in terms of the "prime form" and FS-matrices. When computing the vanishing order of 
both numerator and denominator of the left-hand side of 2. and 3. in essentially the same way as in 
[MP 11 Section 5], the prime forms cancel and the ratio is reduced to a ratio of FS-matrices. 

It should also be possible to prove statement 1. of Theorem 13.41 for the general curve (|3.10|l . by 
using the relation in [MP II Proposition 4.5]. To compare poles and zeros of both sides, as functions 
of « = w{x,y) and {x,y), respectively, {{x,y) a point of p.lO|) 'l. one would use two facts: a vanishes 
to order one on Q^~^, and the Weierstrass gap at 2g — 1 is adjacent to non-gaps. While this would 
give the expected number of zeros, however, it is not easy to specify them because the numerator in 
the left-hand side of 1. is a difference. 



In [MPlj . we had arrived at these results by comparing abelian functions with meromorphic 
functions on the curve. In the present work, we give precise results on the order of vanishing of a 



itself on the stratification G 
the Schur function SA(t), 



To do so, we first give the expansion of the a function. We introduce 

|I, \i<i,i<g 



The complete homogeneous symmetric function h 
and £2 {£1 < £2) is given by 



{(1,12) 



~ ^n(ifi. 



(3.11) 

, ) for positive integers £1 



2> 



= for n < 0. 



Proposition 3.6. [S] Theorem 4.5.1] Using the complete homogeneous symmetric functions hn 
hn'^\ we can express sa by a (g x g) Jacobi-Trudi Determinant, \aij\i<ij<g with aij — h^^^ 



i+j — i ■ 



Ti 
2T2 



-1 
Ti 





-2 



(n-l)r„_i (n-2)r„_2 (n-3)r„_3 ■•■ l-n 
nT„ (n — l)r„_i {n — 2)T„_2 • ■ ■ Ti 



where ho = 1, /ii<o = and Tk 



1 



When regarded as a function of T, we rename s, Sa{T) := SA(t). 

We now give an earlier version of the Jacobi-Trudi formula of Proposition 13.61 by connecting the 
two, we provide a proof of Proposition l3.6l as well as a modified formula which will be used in Section 

m 

Lemma 3.7. 



Proof. Using a Vandermonde determinant, p.llj) is reduced to 



Ai+9-1 



,Al+S-l 



,Al+9-l 
^9-1 



Ai+9-1 
'9 



,Ag 
'■3- 
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This equals 



Ai+9-l 

'•1 


Ai+s-1 
''9 


j-Ai+9-1 jAi+s-1 

[•2 l^g 


Ai+9-1 

9-1 


9 


-1 ,Ai+9-l 

'•9 


''1 


-1 + 1 _ 

''1 


Ag_i+1 
''9 

,Ag 

''9 


Ag_i+1 Ag_i+1 

,Ag Ag 

L2 Lg 


Ag_i+1 
• • • S-1 ^ " 

,Ag 

^-1 


,Ag-l 
''9 

,Ag 


+ 1 ,Ag_l+l 
,Ag 

'-g 


















It' 




(t — t')hi{t,t'), this becomes 














-2iti,tg) 


hAi+g-2{t2,tg) 


/lAi+9-2(i9- 


l,tg) 


,Ai+9-l 








i(ti,ts) 

l(tl,tg) 


hAg_i{t2,tg) 
hAg-l{t2,tg) 


ftAg_i(t9-l 
/lAg-lfe-l 


,^9) 


A,-i+i 
'•9 

,Ag 
'9 





We go on similarly, to co-factorize by rif^^(''9-i ~ ''Oi 

''Ai+g-3(*l ' 'a-l • '9) '>Ai + g-3 (*2 . > tg) ■ ■ ^ +g -3 Cg- 2 > *g - 1 > *S ) '>Ai + g- 2 Cg - 1 . 's ) *g^^^ ^ 



'»Ag_i - . *g-l . *g) ''Ag_i - l('2 . tg-1 . tg) 
'^Ag-2(*l'*g-l'*g) '^Aq-2(*2i*g-li*g) 



'"Ag_i -1 ('g-2 . *g-l . 



''Ag_i (*g-l . 'g) * 



Ag-1+1 



''Ag -2('g-2 . *g-l . tg) ''Ag -iCg-l • 'g ) 



ni<j<g-l(ti - *j) 



and derive the statement. 



□ 



Lemma [3.71 will yield the Jacobi- Trudi determinant formula in Proposition 13.61 In order to relate 
the two expressions, we prove: 

Lemma 3.8. 1. = hi'^ + '''^^ + hti'h,, = ft^'^^^^ + hti'h,, . 

2. For positive integers l\, £2, n and m satisfying £2 > £1 and m < £2 —£i, hn^'^^'' = fti^-'^'"'*^^ + 



3. For positive integers l\, £2 and n satisfying £2 > £1, hn^'^^'' — hif^'^^'' + h''^'^~[^''^'' h'{^'''^~^^ + 

2-2,^2) > (<l,<2-2> , , ,<«1,*2> 



Proof. The product nfi^i = (i-tt,^) Utie. + i JTr^ is expanded using 

(1 - t,,z)il + + hi'^'^'^z^ + ...) = (! + hi''+'-'-'h + hi'^+'-'^h^ + ...), 

which shows the first equality in the first statement, and thus the second equality is similarly obtained. 
Statement 2. for the m = 1 case is reduced to the first statement for every n. We give a proof by 
induction: assume that 2. holds for m > mo, 

^ ^ ^(fl+™-l,<2>^(fl+l,<l+™-l> _|_ ^(^1 +"1-2,^2 >^(<l,^l+m-2> 

, ... , ;j(fl.f2>;^(fl/l> 
' ' "■n-m "m 

We consider the m + 1 case: part 1. implies that the individual terms in the right-hand side satisfy, 

/, (£l+m,^2> I ,{ei+m-l,e2). n , <fi -1-1,^1 +m + l) 

+ (In-l + "-n-2 t(!2_,„-ljfti 

+ l"n-2 + "n-3 I«2-m-2j'l2 

+ ... + (e;LM2> + ;,M^,^^),<..A> 

_ ;,(«l+™ + l,«2> I I,(^l+'".f2>/. I . <«l+l,«l-|-m+l)N 

— Iji + ll-n-l (Lii+m + III ) 

which gives the m+1 case. Statement 3. is obtained by setting m = ^2 — — 1. □ 
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A modified version of the Jacobi- Trudi relation follows: 
Lemma 3.9. For any fixed k, 1 < k < g , juxtaposing two matrices, 

SA{tl, . . . ,tg) = [Hg^kitl, ...,tg), Hg^g-k{tk + l, ...,tg)\, 

where Ha,b{te, ■ ■ ■ ,tg)'s are a x b matrices defined by 

Hg,k(t\, ■ ■ ■ itg) {hAi+j-i{tl, . . . , tg))-i<i-Cg,l<j<k, 
Hg,g-k(tk + \, ■ ■ ■ , tg) := {tlAi+j-i{tk + l, ■ ■ ■ , tg))\<i<g,k + \<j<g- 

For a given Young diagram A = (Ai, A2, . . . , Af ), the length r of the diagonal is called the rank of 
the partition [FHI §4.1, p. 51]. Let Oi and bi be the number of boxes below and to the right of the i-th 
box of the diagonal, reading from lower right to upper left. Frobenius named (ai, . . . , Or; 61, ... , br) 
the characteristics of the partition [FHI §4.1 p. 51]. Here Oi < Oj and bi < bj for i < j. 

We use the multi-index convention in p llll and define a map for /3 := . . . , jSg), 

WgiP) ~ {{2g - N{0) - l)/3i, (2g - 7V(1) - 1)^2,. ■■,{2g^ N{g - 2) - l)Pg-i,Pg) G Z« 

The following Proposition was stated by Bukhshtaber, Leikin and Enol'skii [BLElj and proved by 
Nakayashiki N . 

Proposition 3.10. The expansion of a{u) at the origin takes the form 

Cr(u) = SA(T)iTA.+g_i=i»i + ^ CaU' 

Wg(a)|>|A 

where Ca G Q[Aj] and Sa{T) is the lowest-order term in the w-degree of the Ui; o{u) is homogeneous 
of degree |A| with respect to the X-degrees. 

We note that Sa is a function of {TAj+g-i}i=i,...,g, even though a priori it depends on {ri}i=i,.,.,29-i ■ 



Proof. The result follows from [N] Theorem 3]. 



□ 



Remark 3.11. The symmetric functions have the degree coming from the natural order of the 
multi- variables {ti, . . . ,tg). Proposition 13.101 means that the degree corresponds to the w-degree of 
ly*-! c and U 00 C S''X due to Lemma [2T] and Remark [2:21 



4 Algebraic expression of the Jacobian of a coordinate 
change 

In order to detect the vanishing of the multiderivatives of a, following Weierstrass, Klein, Baker and 
others [Bll IB2I IB3I [KlIW] . we consider certain vector fields on the symmetric products of the curve. 

Let fc be a positive integer < g. We fix a subset Kk of {1, 2, . . . ,g} with k elements. We relabel 
the indices by the map l : {1, 2, . . . , fc} — )■ Kk such that t(i) < t(j + 1) for i — 1, . . . , fc — 1; we set 
:= - 1. 

By inverting the Jacobian determinant for coordinate change where the truncated map (defined 
only locally around the points, lest the paths of integration differ by homotopy) is smooth. 



Projx. °w -.S (X) 



{Pi, 



Pi 



(4.1) 



we give an algebraic expression for vector fields that correspond to the 'partial' differentials. Assuming 
l[4.ip invertible over an open set U C 5'^(X), and denoting, loosely, by 



, Wi(fc)), which 



d 

du , or, if typographically preferable, — — , j £ Kk, 

the coordinate vector field for projected coordinates — > C*^, (ui, . . . , Ug) t-^ (Wi(i), 
acts by holding constant the Ui,i £ Kk,i 7^ j, we compute: 



^■"1(2) 



/0.'(i)(A) <^.'(2)(A) 

V(1)(P2) <^.'(2)(P2) 
V<^,,(l)(Pfc) 0,.(2)(Pfc) 



<pL'(k){P2) y2 ^9^2 



(4.2) 
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By letting d 



d 



d 



dvi'^ (^>g-lixi,y^) dxi 



this relation can be expressed by 



(4.3) 



As a consequence: 

Lemma 4.1. \MP1\ Proposition 2.11] On the open set U C S''{X) and for (Pi,-- - ,Pfe) £ U, 



■E 



d 



is expressed by 



<i>.'m{Pi) <^.'(2)(Pi) 

<t^c'm{P2) <^.'(2)(P2) 



0t'(fc)(A) 

0t'(fc)(-P2) 



d>.'il){Pk) <f>.'(2){Pk) --- <P.'(k)iPk) 



4>.'m(Pi) 4>.'(2)(Pi) 

<t>.'m{P2) <^.'(2)(P2) 
<^.'(l)(f'fc) 0.'(2)(Pfc) 



0.'(fc)(A) Vl ^9:ri 

0i'(fc)(P2) yl'^d^.^ 







where (ei, . . . , e^) is anj/ k-tuple of numbers. 

Lemma 4.2. Por i/ie open set U C 5'=(X) and (Pi, . . . , Pfc) £ U, let := w{Pi). If (Pi, . . . , P_i, 
00, P;+i,...,Pfc) G w)e regard wj*^ os a function of v^g^ regardless of whether g £ Tffc, uj'' = 
i;]*' (ug''), and t/ie following holds: 



d 



dv. 



Proof. Noting Lemma 12.11 by the chain rule 



dv 



(i) 



dv 



(i) 



□ 



Proposition 4.3. For the open set ht C S''{X) and (Pi,...,Pfc) e U, let 

E ti - := ELi v^^\u^^--'^ ■.= j:t,+^v^^\ andc(k-j)=g-j {j = 0,...,k-e^l). The base 



transformation from 



d \ . ( d 

to 



auW/""9n'l '9nW 



'(1) 



""i(fe) 



[fc] ' a [fe] ' ■ " ' 

(f) "'^g+^-fc + l "^"9 



is given by a matrix Ai^[k] ^[g;e] , 



( 0.'(i)(A) 

<i>.'m{Pd 
0t'(i)(-R?+i) 



<t>.'(i){Pi) ■■■ <l>.'(e){Pi) 



<f>L'(k){pl) 

<!>,.' (k){Pe+i) 



V 0,,(i)(Pfc) --- 0.'(fc)(Pfe) / 



V 



09+«-fc(P«+l) --- 4>g-l{Pk) 
-k{Pi+l) --- (t>g-l{Pk)J 



r-1 d r-1 9 \ 

dx^'-'-'^'^" dxkj' 



Proof. By considering the intermediate base ^ I ry[ ^"^~) - - - 1 ''2/1 I > l!4.2|) give the result. □ 



Noting the relation (|2.5|l . we have the lemma: 
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Lemma 4.4. The transition matrix Ai^[k] ^ig-.e] behaves like 



where le is the £ x £ unit matrix, Myo{r'g^'^^\ ■ ■ ■ ,Vg''^) is a k x k matrix whose elements are 
d>o{yg^\ ■ ■ ■ ,yg''^) With u^^^-^y . . . , u^^^^^ Valued Coefficients, andCk,i is a Ix ik — l) matrix which depends 
only on u^^^^^ . 

Proof. By letting 

* := : 

W(i)(Pfe) •■• 0.'(fc)(Pfc)/ 

*a := (*i,j),= l,...,f,j = l,...,f , *b := (*i,i)»=l,...,f,j=<!+l,...,fe : 

*c := {'^i,j)i=i+i^.,.^k,j=i,...,i ' *d (*«>i)i=<+i,...,fc,j=f+i,...,fe : 
X^W, is given by 



Since the w-degree of every element in ^/d is greater than one in '^c, ^'^c vanishes for every Pj 
(j = £+l,---,k) at oo. It means that at Pj — oo {j — £ + 1, . . . , k) {M~ik] [g f])»i ~ ^ij for 
{i,j = l,...,£) and {i = £ + 1, . . . , k, j ^ 1, . . . , k) and thus {M^ik]^^[3;£])tj = (5ij for {i,j = 1, . . . 
and (i = + 1, . . . , fc, J = 1, . . . , fc). Further we have an expression, 



Let*'*'^' be the minor of ^ . By a natural extension of the w-degree with respect to Pi to (Pf+i , . . . ,Pk) 
at (oo, . . . , oo) as a multi- index p.6|l . |^'a||^'d| is the largest degree in the expansion of the determi- 
nant, 1*1 = |*all*dl +•■•. 

Let us consider i = 1, . . . ,£, j = £ -\- 1, . . . ,k case as follows. 



Since = E-'=i(-l)'+'>s-(fc-.)-i(J'.')*'''''Vl*l = 0, we have 

I 

^f'* is expanded as = ^fi* -(-••• and the first term is the largest degree with respect 

to (P^+i, . . . , Pfe) at (oo,...,oo) the multi-index w-degree. When Pji approaches to oo for every 

/ = l+l,...,k, becomes - Ef'=i(-l)'+'>9-(fe-.)-i(J'.')*a'''Vl*a|, which is a 

function only of (Pi, . . . ,Pi). □ 



5 Vanishing of a on G {0 < k < g) 

We finally give the vanishing order of a, which we obtain directly from Proposition 13.101 Indeed, it 
is determined by the vanishing of the Schur function sa, which is the limit of the cr-function when 
X approaches the singular curve Xq. However, we can work with the 9 function of the nonsingular 
curve X, for which Theorems 13.41 ISTTI 1 5. 3 1 hold, since we use properties of the Schur function only to 
obtain certain coefficients in the multivariable Taylor expansion of a and check that they are different 
from zero. 

We state Riemann's singularity theorem (cf. [ACGHI VI. 1]), with the usual notation of /i' for the 
dimension of the cohomology space iiP: 
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Theorem 5.1. If Dk belongs to S''{X\oo) \ (5f (X) n 5'=(X\c3o)), and we let 

u:= V , 

J koo 

Uk := h\X, Dk + {g-k- l)oo) = #{l \ < £, N{1) <g-k-l}, 

then: 

1. For every multi-index (ai, . . . ,0:771) with at € {!,...,(?} and m < nt, 

7) ^ aH = 0. 

2. There exists a multi-index Ip :— . . . ,/3n^), which in general depends on Dk, such that 

a(u)/0. (5.1) 

dup^ . . . dup^^ 

Remark 5.2. Since the a function is either even or odd, in Theorem 15. II we can replace the assump- 
tion for Dfc withDfc G ij;(5'=(X\oo)\(5f(X)n5'=(X\oo))uhllw(5'=(X\oo)\(5f(X)n5'=(X\c3o)), and 
we also extend via the operator [—1] the defining set of u in the Theorem, u £ k' 
with the appropriate (extended) excluded subsets as in the Theorem. 

For Dk and Uk as in Theorem[5TTl Fay ^ Theorem 1.2] proved the following (cf. also [BVl[SW] 1: 
Theorem 5.3. Let vf {Q < < U2 < ■ ■ ■ < vt^ <? ~ 1) be such that 

h"{X, Dk + {g-k-e- 1)00) =nk-i + l forl = vt , 

h°{X, Dk + ig-k-e- 1)00) <nk-i for £ > u+ , 
with u~ defined for [—V\Dk as vf is for Dk and 

Nk —Uk+Y^iut +V-). 

i=l 

Let he the normalized basis of holomorphic one-forms 

u' := ij 1/ . 

For P and Q in X and e - cjr G 9* \ [Q\ U 6*"^) and for every t e C, 

t r u' + e\ =t-'Y[\Y[{t-k)Y[{t~A E(P,Q)'''"i>{P,Q,t), (5.2) 

/ ^ = l \k = l 1=1 ) 

where 9{z) is the Riemann theta function, E{P,Q) is the prime form and ^{P,Q,t) is an entire 
function oft for all P £ X near Q, with 

Hp,p,t)=^ ± rf.7.(P)......„jp)/o 

where e = (21, . . . , Zg). 

Note that by [—l\Dk here we mean simply a divisor linearly equivalent to K — Dk, so it has an 
order k' for which the overriding assumption of this section, < fc' < <? — 1, is not satisfied; however, 
the statement is ultimately concerned with the images under the Abel map. Note also that, unlike Uk, 
the u's here depend a priori on the specific divisor Dk, but see CoroUarv 15.61 The following Corollary 
is obtained using the intersection theory by Birkenhake and Vanhaecke BV where the KP-direction 
d 

— — plays the important role. In this article, we will prove it as a corollary of the above theorem. 
dug 

Corollary 5.4. For it^ G 9'= \ (9j U 9*^"^), u'*'' G G W'\ andteR {0< \t\ < 1), we have 
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0, KN^; 



^ c [si- 



du 



= 0, £<Nk; 



Proof. We let Q — oo, e = Lj 



LjR in Theorem 15.31 and we let v — uu' J^v^. We note that 



for t 7^ Z, there exist Pi, . . . ,Pg £ X such that tv = 'w{Pi, 
' ojr) do not vanish in general where u'^' ~tv-\-u 



[fc] 



jPg), and thus Qititj' + e) and 
By differentiating the left-hand side 



of (|5.2|l , using the chain rule and evaluating at P = oo where v is the zero vector, there exist 
satisfying 



-e{tJ ^v + e) 



f 

7. 



(5.3) 



where 



d(tVg 



l(tuj' 11 + e) 



This relation is obtained as follows: Since 6{tLo' + e) is an entire function of the vector tv (a;' is 
an invertible coordinate change), it has an expansion 6{tLu' + e) — X]/3>o '^Z'^''''*^''' where /? is a 
non-negative g-tuple, jS = (/3i, . . . , jSg) with the conventions — Pi + . . . + Pg, — uf^ . . . iif", and 
/3 > for every Pi > 0, and each Ofj is a complex number depending upon e, oj' and uu" . Now we 
compute up to lower-order terms in Vg . Recall that the orders of zero at oo of the chosen basis are 
decreasing (Section!!]): deg„-i(i//) = 2g~ N{i~l) -2 and Vi = 29-iV(^-i)-i "g''~^''~^'~^ (l + ^> (^g)) 
around v = 0. There exist coefficients a^(e) and aa,i satisfying 



dv„ 



;e{tuj' v + e) 



dVa 



I3>0 



dVn 



;3>0 



which is equal to the right-hand side of (|5.3p and 



■e{tuj' ^v + e)\ 



J(0,...,0,«)) 



the conditions |wg(/3)| = I and \P\ = I mean ^ = (0, . . . ,0,^). 

We, now, consider the derivative of the right-hand side of (|5.2p with respect to Vg, noting that 
E{P, oo) behaves like E{P, oo) = ioo(l + rf>o(itx3)) and taa — ''s(l + rf>o(i's)). Then for I < Nk, the 



derivative of the right hand side of 1)5. 2|1 vanishes when P oo or vanishes. In the case that 
£ agrees with A^^, it has the term consisting of {dvgE{P,oo))^'' = (1 + ci>o(toc)) times 
number (use Theorem 15. 3|) . Hence for £ < Nk, we have 



a non-zero 



dv 



= 0, 



Since a is associated to through multiplication by an exponential quadratic in the variable, they 
have the same vanishing order (the derivatives up to the order differ through multiplication by an 
invertible matrix), and the first statement in the Corollary is proved. 

2. is proved by comparing the coefficients in the derivative of both side of (|5.2|) : hi,i vanishes 
for £ < Nk and does not vanish for £ = A^^ . □ 

Remark 5.5. When computing a given number of derivatives of a, as opposed to the order of a 
singular point of the theta divisor as in [ACGHI loc. cit.], we need to stay away from lower strata 
(recall that the derivatives of a depend on deforming a given point along the curve). Thus, the 
exclusion of the point at oo from the divisors in S''{X), and of the set 0*^^^. For example, in genus 2 
the locus Si{X) is empty, whereas S^~^^^{X) is the curve. In [MPl] . as of Section 2 we extended the 
functions to be P^-valued, but beginning with Proposition 4.4, we excluded the special divisors Si{X) 
(for which the right-hand side of [MP II Proposition 4.4] could be infinite, if say w{P) — w{Pi, Pg) 
is a zero of a, a condition on the speciality of X]f=i Pi ~ but w{P) — w{Pi, Pg) is not, yet the 
points P, Q are distinct from the given poles Pi, Pj so that the left-hand side is a finite number); here, 
we need (cf. Section [l] e.g.) a domain capable for a given number of points to move along the curve, 
so we may need positive divisors of degree less than g, thus special. 
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We can rephrase Theorem 15.31 as follows: 
Corollary 5.6. Let 

Mk ■- {g - N{e) ~k-l\g- N{£) - fe - 1 > 0, ^ = 0, 1, . . . }, 
Mk ■- {g - N{£ + k) + k - l\g - N{£ + k) + k - 1 > 0, e ^ 0,1, . . . }. 
Then the quantities in Theorem \5.y\ are given by 

{^'/}i<fc<nfc = Mk, {'^r}i<k<n^ = Mk, 

and 

Nk^ - - N{k + £)- 1). (5.4) 

Proof. Mk is obtained in a straightforward way. When we consider Mu, we need to know the 
dimension of /^"(X, [-l]Dfe + (p - iV(fc) + fc ~ l)oo). Let Dfe = Pi + ... + Pfe where each Pi G (X\oo). 
Using the notation in Definition 12.51 we have 



fii+kjP; Pi, ■ ■ ■ , Pe+k 
fik{P;Pi,--.,Pk) 

which gives Mk and A^'^ explicitly. □ 



H"{X, [-l]Dk + {9- N(k) + k - l)oo) 3 £ = 0, . . . ,nk - 1, 



For the expression (|5.4p , cf . also [BVl ISW| . 
Proposition 5.7. The following numerical identity holds: 

Nk = ^(iV(g) - N{i) + i-g)^ ^(3 - N{i) + i) ^ J2 (^.5) 

i — fc i — fc i — fc + 1 

Proof. For a given fe > 1, we have two cases: Uk-i = Uk, or Uk-i + 1 ~ Uk. The former case 
means that g — k is the [g — k — Uk + l)-th gap whereas the latter case implies that g — k is m 
the rifc-th semigroup interval. As the dimensions of the linear systems C and KxC~^ differ by the 
degree of C for any line bundle C (cf. Remark I2.3|l , in the latter case 2g — 2 — {g — k) is in the 
{g — 1) — {g — k — Uk + l)-th semigroup interval. For each case we then have the relation: 

Uk-i = rife : N{k + Uk — 1) ^ g + k — 1, 

nfc_i = Ufe + 1 : N{nk)^g-k. 



When k = g — 1, Ug-i — 1 and N{0) — 1, so (|5.4p and (|5.5|l agree. Next, assume that for a given k 
the right-hand sides of the two expressions are equal. If Uk-i = rik the right-hand side of (|5.4p for 
the fe — 1 case is given by 

Nk-i = Nk - N{k - 1) + N{k + nk'- 1), 
which is written using the above relation, 

iVfe_i =Nk-N{k-l)+g + k-l. 
When Uk-i — Uk + 1, the right-hand side of (|5.4p for the fc — 1 case is 

iVfe_i =Nk- N{k - 1) - N{nk) + 2g-l 
which is also written using the above relation, 

Nk-i =Nk-N{k^l)+g + k~l. 
We conclude that (|5.4p and (|5.5|l are equal. □ 



Corollary 5.8. 1. The number Uk is the first component of the node {nk,mk), mk rik + fe, 
encountered on the rim hook Definition 4-10.1] of the diagram, tn a nght-to-left, up-to-down 
path, starting withug-i in row 1. For example, in the diagram of the (5,7) curve (Table 2.1) the 
nodes that correspond to {nk,mk) are: (1,12), (1,11), (1,10), (1,9), (1,8), (2,8), (2,7), (3,7), 
(3,6), (3,5), (4,5), (4,4). 
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2. Nk is the number of cells in the rows of the diagram from row k + 1 to g. 

3. For k = g - r, . . . ,g - 1, Nk = deg„_i {uk+i) and Uk = 1 
Remark 5.9. Note that for the hyperelhptic case 

Nk = {g-k){g^k + l)/2. 

One of the authors (S.M.) learned this relation from Victor Enolskii who discovered it by numerical 
computations in 2005. This turns out to be a corollary of Theorem l5.3l SV, F2 but the present study 
originated with Enolskii's communication of his discovery. Birkenhake and Vanhaecke [BV] showed 
that this number is a sum of hyperosculation degrees for embeddings of the curve into Grassmannians, 
defined by linear subseries of the complete linear series that defines the Weierstrass gaps at a point. 

We introduce 'truncated Young diagrams' AC--) := (Ai,...,Afe) and A^ - (A^+i, . . . , Ag). 
Corollary 15.81 gives: 

Corollary 5.10. 1. Nk = \ A^'"^\. 

2. Uk is the rank of the partition of A'*"' . Thus, we can read m the diagram dually to corollary 
15.^1 3.. by numbering k the boxes on the rim, starting with k = g — 1 in row g; Uk is the number 
of boxes at the left of, and including, the one containing the number k. 

3. For the characteristics of the partition o/ A'''"', (ai, . . . , ; 6i, . . . , b„f,), Nk = X]r=i {o-i + bi + 1). 

Bukhshtaber, Leikin and Enol'skii [BLEl) showed that the a function over the singular curve Xo 
given by = x" is identified with a Schur function, cf. Proposition 13.101 Although we make use 
of formulas that hold for the a function, we implicitly go through the singular curve Xo to pick up 
combinatorial results from the theory of Schur functions using Taylor expansions. 

Using the Schur polynomials, 

|l<i,J<fc - \*k+j \l<i,j<g-k 

. S/^ik](t) ■- —J- , 

\tj \l<i,j<k \tk+]h<i,j<9-k 

and letting Tf ~ l[ti + ■ ■ ■ + 4) = T^^'''\ and Tj«^'=' - ){ti^^ + . . . + t{) = rf we define 
the following quantities, 

(t''^') := s^<„ it), (r(«^'=)) s^w it). 

The notation above for the left-hand sides S'^(fc) (T'''') and 5y^[fcj (T''""-') is consistent with Proposi- 
tion 13.61 because they are functions of the t'^'^K For a given {ti)i=\^2,...,k & C' , letting := 
(Mr')«=i,...,s G C be defined by u^^^ ■- r|*^ j, we can also define consistently, in view of Lemma 
IS.lll proven below: 

SA(fc) ('^'''') = Saw (r*'°')L('=) \k] . 



We also introduce the complete symmetric polynomial = /j^'^+^'f) such that h^^^^ — (—1)" ^{n— 

-j^-jjjnCg.fe) 4_ . . . ^ /ig^'*' = 1 and /i|f^o' ~ particular, depends only on tk+i, ■■■,tg). 

Lemma 5.11. For a given (tf)f=i,2,...,fc G C*, we let ii'''' := (u['^')i=i,...,g G be defined by uf^^ := 
Ti^+g-i, andu^<>'^'^ := («[^'*')i=i,...,g G be defined by uY'^"^ := lliS-i- Po^ brevity, we denote by 
I a sequence of indices (among {k -\- 1, ■■.,g}) which may be repeated, and the notation i £ I means 
that i runs through the sequence with given repetitions, if any; the order of the indices in the sequence 
is irrelevant. One such sequence for which I has the smallest number of elements Uk and the sum of 
the degrees in t (each variable ti having degree 1), X^igj deg{ui) — X]ig/(^i + 3 ~ *) = ^k is also 
minimum, is given in the proof. We use the notation: £a,i ■= e' (nie/(^! + 5 ~ *)0 ^> where e' is a 
plus or minus sign depending on A'^' and k. 

1. There exists some (possibly non-unique) finite sequence I (whose length may not be unique but 
is at least Uk ) such that, by using the decomposition 



Vie/ 



Here in this partial derivative, we regard a subspace C spanned by 



i^k + l, 
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2. There exists some (possibly non-unique) finite sequence I (whose length may not be unique but 
is at least n^) such that, 



(n^) 



'A(3) 



Proof. We treat both statements 1. and 2. together. 

Using the modified Jacobi- Trudi determinant formula in Lemma |3. 9 



SA(il 



Hk,k 



Hk,g-k 
Hg-k,g-k 



where 



Hk,k{t\, ■ 






+j^i{ti, . . . 


,tg))l<i,j<k, 


Hk,g-k{t\, ■ 




~ (hA, 


• ■ • 


,tg))l<i<k,k + l<j<g, 


Hg-k,k{tk+l, ■ 




~ {hA, 


+j-i{tk + l, 


■ ■ y'tg))k + l<i<g,l<j<k, 


Hg-k,g-k{tk + l, ■ 




~ {hA, 


+j-i{tk + l, 


■ ■ ,tg))k + l<i<g,k + l<i<g, 



the right-hand side of 1., without the constant ea,/, is given by 

d 



n 



Hk,k 
Hg~k,k 



Hk,g~k 
Hg^k,g-k 



t ■=0:j = fc + l,. 



(5.6) 



Since we have s^(fc) (ii'''') = \Hk,k{t 



, tfe)|, we are to consider the derivative of 



SaI*"] (*) = \Hg-k,g-k{tk+i, ■ ■ ■ ,tg)\; 

we will settle one case, in which / has the smallest number of elements and least degree in t as given 
in the statement. 

Indeed, by producing a sequence / such that / satisfies 



n 



d 



H. 



9-k,g-k\ 



lt,-=0:j = fc + l,...,9 



= el[{M+g-i)l 



and for any proper sub-sequence J G I, 

d 



then 



n 



J du 



\9;k] 



n 



SA(tl, ■ ■ ■ ,tg)\ 



du 



\g:k] 



a-k,g-k\ 



= 0, 



lt,-=0:j = fe + l, 



tj=0:j^k + l,. 



— £ Wi^i + 9 ^ i) !sa ' (^'''' ) + lower-order. 



(5.7) 



(5.8) 



(5.9) 



The lower-order (in t) term vanishes for the following reasons: firstly, Hg-k,k{tk+i, ■ ■ ■ ,tg) becomes 



the zero matrix and H, 



_fc becomes a matrix whose every entry is zero except ho{= 1) when 



S-k,g 

= : j = k + 1, . . . , g. The derivative lowers the order, so we have (|5.7[l and (|5.8|) . The vanishing 
order of the entries in each column in Hg-k,k is larger than that of the entries in Hg-k,g-k, thus the 
lowest-degree property of I means that any term in the lower-order part of (|5.9p which comes from 
the derivative of an entry in Hg-k,k in (|5.9[) vanishes. Secondly, due to (|5.8|l . any term which comes 
from the derivative of an entry in Hk,k or Hg-k,k gives no contribution to the right-hand side in (|5.9|l . 
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To find / as in ((5771) and 



we consider tlie pattern: 



SaW 



it) 



,(9;fe) 



'A„_i-9+fc+3 



Afc+i+9-fc-2 

{9;fc) 

A-fc+2+9-fc-3 



h 



,9;fe) 

Ag-s+ft+2 



h' 



Afc+2+9- 



{9;fc) 



(9;fe) 

Ag_l 

(9;fe) 

A„-l 



,(9;fc) 



;,(9;fc) 

"■Afc + i+g-fe- 

L(9;fe) 

"'Afc + 2+9-fe- 



,{9;fc) 



Ag_l+1 

L(9;fc) 



(9;fe) 



' {9;fc) 

'Afc + i+9-fc-l 



{9;fc) 



Since tlie elements in tlie lower-left part vanish, we can reduce the determinant to a combination of 
ones of smaller size. The pattern of /Iq^'^^'s has the property that there is one situated A; entries 
to the left of the diagonal elements in each i-th row for i > nu because of the configuration of the 
lower boundary of the diagram A'*'. In the determinant calculation, a series of h\^'*'^ in the diagonal 
direction occurs in a unique position and contributes to the determinant a factor of 1. In order to 
omit that factor, we observe the following properties about the pattern of the matrix. 

We define a sequence (if, df)<=i,...,„j_<nfc by the following conditions: ii = g, d\ = 1, ii > ie+i, 
di > 0, and ie is the largest number satisfying = A^^+j^^,^^ ^^,+1 + de. By using the 

sequence (i^ , rff)^=i,...,„' <n^! StXid denoting the elements of the matrix by Uij, we define a hierarchy 
of submatrices starting from the above matrix whose determinant is s^[fc] (t), 

Hi ~ {aij)l<ij<g-k = Hg-k,g-k{tk + l, . . . ,tg), 

Hj2(r^(df, + 1 ■= {'^ij)^i,^idi,+l<i<J2i>^idi,+it-k, l<j<ii-k, 
H^^,^^df,+2 ■= {o-ij)^i,^idi,+2<i<J2e'<edii+H-k, l<j<ii-k-l, 



H- 



, d^i <i<^^ 



The above sequence of matrices stops when the number of entries becomes negative. As we will 
mention in the proof of Lemma [5.241 these matrices are directly related to the Schur functions of the 
Young diagrams associated with A''''. 

For the example of the (5, 7) curve, when fc = 4, we have 



Hj = 



H2 



(12;4) 







(12;4) 




!j(i2;4) 



hi'' 
hi'' 
h 

h. 



, (12 

^5 

, (12 

1,(12 
"0 



h. 



(12 

■9 

hr 
h^ 

hi'' 



h 



^(12 

'no 
/if 

hi'' 

(12 

/if 
/if 
/if 



h 



Hi 



/if 
/if 

(12 



(12 



h. 

/if 
/if 
/if 



4)^ 

4) 
4) 
4) 
4) 
4) 
4) 
4) 
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For the example of the (7, 9) curve, when g 



Hi 



( hi'-'"^ 


4^^^' 


hi' 


k) 


u(a\k) 

"6 








hi' 


k) 


"-5 


l,{9\k) 

rig 






hi' 


k) 




"■5 






hi' 


k) 


hi'-'''^ 


h(9\k) 
"■4 






hi' 


k) 














u(9;k) 



24, k = 13, we have 



h. 



(g;k) 

6 

(a\k) 

5 

■Aa\k) 

^3 

(a\k) 



L{9;fc) 



hi' 
hi' 
hi' 

u(9 
"■6 

hi' 

h(9 



h\ 



;fe) 


j,{9;fc) 

"-10 


l(9 
"■11 


fc) 


i,(a;k) 

"-12 


u(9 
"l3 


fe) 


\ 


;fe) 




l(9 
"lO 


fe) 


h(a;k) 
"ii 


l(9 
"l2 


fe) 




;fe) 


u(a\k) 

"-8 


l(9 
"9 


fe) 


i,{9;fc) 

"lO 


l(9 
"ll 


fe) 




;fe) 




'is" 


fe) 






fe) 




;fe) 






fe) 




4« 


fe) 




;fe) 






fe) 


i,{9;fc) 

"5 


l(9 
"6 


fe) 




;fe) 






fe) 


4«^'=) 


hi' 


fe) 




;fe) 




hi' 


fe) 




hi' 


fe) 






j,{9;fc) 
"o 




fe) 


4«^'=) 


hif 


fe) 






u(9 

"o 


fe) 


i,{9;fc) 
"o 


hi' 
h[' 


fe) 
fe) 


/ 



^2 = 



/4«^^) 






hi' 


fe)\ 


;^{9;'=) 


hi'-''^^ 




hi' 


fe) 


;,(9;fc) 
"0 


j^w.k) 




hi' 


fe) 


V 




i,(a;k) 
"o 




k)^ 



Hi = 



(9;fe) 
,(9;fe) 



4' 



;^{9;fc) 



^4 = I 



It is clear that the number of Hi's is and _ffi contains iifj as a submatrix if i < j, with the 
convention Hn^+i — 0. Every element bd,e {d > c + 1, e < c) of Hi := {bd,e) vanishes unless it is in 



Hi+i. Every (c+ l,c) entry of Hi is equal to /Iq®'*' = 1 if it is not in Hi+i and the number of 4' 
in Hi is g — k — rik. These facts imply that the term containing (4*''°'')^ in the expansion of the 

determinant given by products of all the entries with indices permuted, is given by the determinant 
of an (rife x Uk) matrix, as shown: 



^(g-k), 



\Hi 



s"(4 



(a;k)\g-k-ni. 



h 



,{9;fc) 



(9;fe) 



h 



(9;fe) 

tfc+l+9-ft-l 



-Ufc + l 



i,(a;k) 

'a, + „,,+9- 



+ ■ 



where e" is a plus or minus sign. Noting CoroUarv 15.101 let (ai. 



;bi, 



be the partition 



characteristics of A'*^' III §4.1, p. 51]. We analyze the subscript j of hj''''\ The subscript of the 
upper-right corner Hi is given by a„i_-i+i + b„i^-i+i + l. The subscripts of the elements on the straight 
line from the upper-right corner to the lower-left corner, Afe+i + g — k — 1, . . ., Ak+„^ — + 1, are 
given by a„j, + 6,ij, -I- 1, . . . , 03 -I- 63 -I- 1, a2 + &2 + 1, fii + bi + 1. The determinant is given by 



(9;*) 



-l-6i-l-l 



(5.10) 



where s' is a plus or minus sign. We note that each term in the determinant has the same multidegree 



n(a;k) 



in the t variables, with each ti weighing one, "^^Jliicn + bi + l) = A^fe. Moreover, hj','_^_l,^-^ — ra^+b +1 + 
■ ■ ■ . The subscript of the upper-right corner of Hi is characterized by A^ -I- p — fc = a„j. + fe„^ + 1 
and is the largest among the subscripts of the elements in Hi . In other words the first term in (|5.10|l 



is the only term that contains Tj^ 



{fc.9) 
k+S-k 



and cannot be cancelled. Hence we have 



n 



L-i. a^{9;fc) I ^Aw(ife-n,---,*9) ^ e'Y[{a, + b, + iy. 

= 1 "^ai '+bi+l , 



Moreover, for every proper subsequence J of {1, 2, . . . , nfe}, we have 

d 



n 



<3\k) 



FIT 



^Al*! (*fe-Hl> ■ ■ • 1 ^9) 



!j=0:j = fe-t-l, 



= 0. 



Since the element h 



{a;k) 

Ai+j-i 



{k + 1 < i < g,l < j < k) in Hk,g^k{tk+i 



,tg) has sufficiently large 



degree in t, the contribution from I nr=i 



aT 



1.9:1') 



Hk,g-k{tk+i, ■ ■ ■ , tg) vanishes when we compute 
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(|5.6p . In other words, we have 



n «A(«) _o.,_ 



i = fc + l,...,!7 



= e' (n(«' + ''» + l)U SA(fc)(ti,...,ife) 



However, from Proposition 13.101 SA{t) = s^(g) (t) is a function only of Ta. 



+a-j 



= t: 



(9) 



A,+9-j 



n{fc) 



(9;fc) 



for j = 1, . . . , g. There exists an integer £i such that Ae. +g—£i = Ui+bi + l for every 
i. By naming / the sequence {£i,£2, ...,£n^), we obtain this way the smallest degree in t and the least 
number of derivatives, because, given the configuration of the Hi's, in the determinant (|5.10p we have 
the largest number of ho's (which equal 1 hence have degree zero). Since At+i+g — k — 1 = +b„^ +1 
and ai + bi + 1 < a„^, + + 1, each element j € I belongs to {fc + 1, . . . , g}. 
For this 7, we obtain 



n 



du. 



[a-.k] 



t,=0:j = fc + l,...,9 



Similarly for every proper subsequence J of /, 



9 

WM ) ^A(s) 



(il, • • • ,'tg)\ 



: 0. 



It -=0:i = fc + 1...9 



The proof of 1. is complete. 

For statement 2., we use the same sequence I. 

Noting that j £ I belongs to {fc + 1, . . . , g}, from the definition, we have 



where 



M 



(9) 



^1 



A2+9-3 .A2+9-3 



^■2 

,A<,-1 

















\dufj 












Ai+9-2 
2 


• • • 





^A2+9-3 



,A„_i 



M 



/dtk+i\ 
dtk+2 



M. 



{a\k) 



Afc+1+9-2 ^Afc+1+9-2 



fe+i 



V t 



fc+1 

Ag-l 
fc+1 



''fc+2 



Afc+i+9-3 Afc+1+9-3 



fc+2 



''fc+2 

^Ag-1 

''fc+2 



A2+9-3 
''9 



''9 

,A„-1 



Since the one-forms are given by 



dti 



E 



du. 



[9I 



du 



[9I 



i=fe + l 



we have 



du. 



la] 



E 



at, 



at, 



E(M^^)"').. 



9 



j=fc+i 



(9;fc)\-i^ 
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We note that ^ j^.^] spans by linear combination of ((My^') is given by 



r'h^ = (-1) 





2 


-Al+g_2 

3 


Ai+9-2 
''9 


,A,_i+9 
,A, + i+9- 


— i 
i-2 


fAi_i+g-i 
3 

rAi + i+s-i-2 
^3 


Ai_i+9-i 
'•9 

Ai+i+9-i-2 
'■9 


,Ag-l 
''1 




rAg-1 


,Ag-l 
''9 




Ai+s-2 

,A2+9-3 
''1 


Ai+9-2 
'-2 

A2+9-3 
^2 


^Ai+9-2 

A2+9-3 
''3 






,Ag-l 
''1 

j-Ag-1 
''1 


,Ag-l 

''2 

^Ag-1 

''2 


A9-I 
''9 

^Ag-1 

''9 





We claim that for a symmetric function /i(it'^'), and subsequence J C /, we have 



n 



J du. 



[9] 



[9l^ 



i=o,...,t„=o 



n 



du. 



l9:k] 



tfc_|_l=0,...,tg=0 



(5.11) 



This is essentially the same as Lemma 14.41 but we prove (|5.11|) directly as follows: Let tk+i, ■ ■ ■ ,tg 
have the same order e, written as ei = ti, i = k + 1, g. 

We use the property of the chosen sequence /, namely that every i £ I satisfies k < i < g. Then 
for I < j < k, let Hfc,g_i ~ Y^^^k.e^^ii^i + - - 1) and Ek+i,g := Y^c^^+ii^f + 5 - - !)• For 
^ ^ j ^ k, noting that 'S.k,g,i > Sk+i,g, we have 



Al+9-2 
'■I 


rAi+9-2 


Ai+g-2 
'■fc 




,Afc_i+9-fc 
'■1 


rAfc_i+9-fe 
■ '^3 


,Afc_i+9-fc 
'■9 





f 

''1 



Al+9-2 



Ai+9-2 



Afc+9-fc-l ,Afc+9-fc-l 

1 ■ ■ ■ '■fc 



which vanishes when e vanishes. Here d-^{z ) G {X]|a|>« ''a,-^"} d,>{z ) G {X]|a|>f "^a-^"} ^^r a = 
(qi, . . . ,am), = z"^ • • • 2g", and \a\ = ai + ■ ■ ■ + am- Then for fc + 1 < j < g, let Hfe+1,9,1 — 
+5-^-1). For fc + 1 < J < p, noting Hfe+i,g,j < Hft+i,g, we have 



Al+9-2 
1 



Al+9-2 



j-Ale+9- 
'•1 



+Afc+9-fe-l 



d>(e=<e+i,i,s) + d>(e=fc+i.-,3) 



''1 



Al+9-2 



Afc+9-fc-l 
1 



,Ai+9-2 



,Afc+9-fc-l 



which is singular for small e. Its leading term becomes {{AI^'''^)~^)ji. This means that we have 
(|5.1ip and we proved the second statement. 

In our last example, to give a visual description of the general pattern, rather than the (5,7) or 
(7,9) cases given above which would occupy several pages, we treat the trigonal (3,7) case for fc = 2: 



Hi 





















;,{6,2) 

"-o 






V 









H2 



(6,2) 



Hz 



Jacobi inversion on strata of the Jacobian of the Crs curve = f{x). II 



23 



Then the transition matrices expand as follows; 



M 



(6) 



ftl° 


tl' 


4' 


4° 


4° 
4 


4°\ 

4 


tl 


tl 




4 


ti 


ti 


4 


4 


4 


4 


tl 


tl 


4 


4 


4 


4 


tl 


t2 






£5 


^6 


\ 1 


1 


1 


1 


1 





r2 



d>(e 



7+4+3+lN 



4" 
tl 



tl' 
tl 



d>(e4+3+i+0) + d>(eS) 



4° 
7 
1 



4° 



4 
4 
4 



4" 
tl 



tl' 
tl 



4 


4 


4 


4 










4 


4 


4 


4 










4 


4 


4 


4 


1 


1 


1 


1 



(M<«')-')2.6 = 



!4° 




+ d>(e") 


4° 
4 


tl' 
tl 


d>(e4+3+i 


+0) + d>(e8) 



+ d>(e«) 



7 
1 



t 



tl' 
tl 



4 
4 



4 



4 



4 
4 
4 



4 
4 
4 



+ rf>(e8) 



(Mf ) 



(m(!'4 



14" 


|d>(e™+°) + d>(e") 


tl' 
tl 


4° 


d>(e4+3+i+0) + d^(e8) 



4" 
4 



4" 



4° 
4 



4 4 
4 4 
1 1 



4" 

tl 



4 
4 
4 



4 
4 
4 
1 



(14"') 



+ d>(e«) 



141 



d>(e 



7+3+l+0\ 



4" 



4° 
tl 

10 



tl' 
tl 



4 4 4 

4 4 4 



4 



4 
4 
4 
1 



4 
4 
4 



+ rf>(e») 



□ 

The above proof yields the following Proposition: 

Proposition 5.12. For the Young diagram A associated with the Cr,s curve X of genus g, an integer 
k {0 < k < g), and the characteristics of the partition 0/ A'*"', 

(ai , 02 , . . . , Ctrifc ; &1 , 62 , . . . , 6nj, ) , 

the following holds: 

1 . There exists an integer li such that 

Ki^ + g - £i = Oi + bi + l 

for every i — Q,l, ... ,nk; 

2. When the correspondence is denoted by 



an example of I appearing in Lemma \5.11\ 2. is given by 

I = {L''i(ai, 61), LW(a2, 62), . . . , i'"' (a„, , 6„ J}; 
fcrife ) — fc + 1, and 

4. When the Crs curve is hyperelliptic of genus g, i.e., {r,s) = (2,2(7+ 4; the set of indices I is 
equal to 

{g,g — 2, . . . ,k + 2,k} if g — k is even, 

{g — 1, g — 3, . . . , k + 3, k + 1} otherwise. 
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Proof. The proof of Lemma 15.111 gives 1. and 2.; 3. is proved using the definition in 2. and the 
equality a„^ + b„^ + 1 = Afc+i + g — k ~ 1. 4. is obtained by straightforward computation. □ 



Note that since / in Proposition 15. 12l 4. corresponds to \\k in Theorem ll.il such I's are shown in 
Table 1.1. 



For use as in Lemma [5.111 we define a family of sequences which we name Index. 

Definition 5.13. iet Index be the family of all finite sequences made up with numbers between 1 and 
g (some numbers may be repeated), though changing the order of the elements in a sequence would 
not change the values defined herewith for a given element o/ Index. For an element Ik o/ Index and 
u £ , define : 

' ^<,. 

dui ] 



deg^-i(/fc) — ^ deg„-i(ttO. 
I n view of Proposition 15.121 we construct a set of indices as a natural extension of those in 



01II021IM0 



we define 
and 



Definition 5.14. For fc = 1, 2, . . . , g—1, and the characteristics of the partition o/A''"', (ai, 
^fc - {lI"! (ai M), (aa, &2) , . . . , i'"' (a„, , fe„ J}, 

^L'' :=(^fc\{fc + l})UW, for j = l,2,...,fc. 

Further, [\g :— and t]g*' := i for i — 1,2, ... ,g. 

We continue the examples in Tables 2.1, 2.2; for the case (r, s) = (5, 7) we have Table 5.1 and for 
the case (r, s) = (7, 9) we have Table 5.2: 



,br), 





1 ^ 


1 


2 


3 


4 




6 


7 


8 


9 


10 


11 


12 


4.(i) 


1 1 




y 


:r2 


xy 










x^ 


y^ 


x^y 




Nil) 


1 " 


5 


7 


10 


12 


14 


15 


17 


19 


20 


21 


22 


24 


Ai 




12 


S 


7 


5 


4 


3 


3 


2 


1 


1 


1 


1 


+ 9 - i 




23 


18 


16 


13 


11 


9 


8 


6 


4 


3 


2 


1 




1 ^ 


4 


3 


3 


3 


2 


2 


1 


1 


1 


1 


1 




Ni 


1 48 


36 


28 


21 


16 


12 


9 


6 


4 


3 


2 


1 







Tabic 5.1 b 









1 (»i + 6, + l)o<,<„j^ 


1 E(<'i+f'i + l) 


1 lifc 





(1, 4, 6, 11; 1, 4, 6, 


11) 


1 (3, 9, 13, 23) 


1 48 


1 (10, 6, 4, 1) 


1 


(0, 3, 5, 10; 0, 2, 5 


7) 


1 (1,6, 11, 18) 


1 36 


1 (12,8,5,2) 


2 


(2, 4, 9; 1, 3, 6) 




1 (4,8,16) 


1 28 


1 (9,7,3) 


3 


(1, 3, 8; 0, 2, 4) 




1 (2,6,13) 


1 21 


1 (11,8,4) 


4 


(0, 2, 7; 0, 1, 3) 




1 (1,4,11) 


1 1*^ 


1 (12,9,5) 




(1, 6; 1, 2) 




1 (3,9) 


1 12 


1 (10,6) 


6 


(0, 5; 0, 2) 




1 (1,8) 


1 3 


1 (12,7) 


7 


(4; 1) 




1 (6) 


1 8 


1 (8) 


8 


(3;0) 




1 (4) 


1 4 


1 (9) 


9 


(2;0) 




1 (3) 


1 3 


1 (10) 


10 


(i;0) 




1 (2) 


1 2 


1 (11) 


11 


(0;0) 




1 (1) 


1 1 


1 (12) 
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N(i) 
Ai + g - 



8 
160 



30 



3 

29 





1 ^y^ 












.6 


4 


3=^y 




4 2 

a; y 


:c2y 


Nli) 


1 34 


35 


36 


37 


39 


41 


42 


43 


44 


45 


46 


48 




1 ^ 


3 


3 


3 


3 


2 


1 


1 


1 


1 


1 


1 


Ai + g - i 


1 1^ 


13 


12 


11 


10 


8 


6 




4 


3 


2 


1 




1 3 


3 


2 


2 


1 


1 


1 


1 


1 


1 


1 






1 20 


17 


14 


11 


8 


6 


5 


4 


3 


2 


1 





32 



Tabic 5.2 b 



fc 




+i'i + l)0<.<„fc 


1 E(»i + ''i + i) 


1 tfc 


n 


(0, 2, 5, 7, 9, 14, 16, 23;0, 2, 5, 7, 9, 14, 16, 23) 


(1, 5, 11, 15, 19, 29, 33, 47) 


1 160 


1 (24, 20, 16, 12, 11, 6, 4, 1) 


1 


(1, 4, 6, 8, 13, 15, 22; 1, 3, 6, 8, 10, 15, 17) 


(3, 8, 13, 17, 24, 31, 40) 


1 136 


1 (22, 18, 14, 12, 8, 5, 2) 


2 


(0, 3, 5, 7, 12, 14, 21; 0, 2, 4, 7, 9, 11, 16) 


(1, 6, 10, 15, 22, 26, 38) 


1 118 


1 (24, 19, 17, 13, 9, 7, 3) 


3 


(2, 4, 6, 11, 13, 20; 1, 3, 5, 8, 10, 12) 


(4, 8, 12, 20, 24, 33) 


1 101 


1 (21, 18, 15, 10, 8, 4) 


4 


(1, 3, 5, 10, 12, 19; 0, 2, 4, 6, 9, 11) 


(2, 6, 10, 17, 22, 31) 


1 88 


1 (23, 19, 17, 12, 9, 5) 


5 


(0, 2, 4, 9, 11, 18; 0, 1, 3, 5, 7, 10) 


(1, 4, 8, 15, 19, 29) 


1 ^8 


1 (24, 21, 18, 13, 11, 6) 


6 


(1, 3, 8, 10, 17; 1,2,4, 6, 8) 


(2, 6, 14, 17, 26) 


1 65 


1 (22, 19, 14, 12, 7) 


7 


(0, 2, 7, 9, 16; 0,2,3,5,7) 


(1, 5, 11, 15, 24) 


1 56 


1 (24, 20, 16, 15, 8) 


8 


(1, 6, 8, 15; 1, 3, 4, 6) 


(3, 10, 13, 22) 


1 48 


1 (22, 17, 14, 9) 


9 


(0, 5, 7, 14; 0, 2, 4, 5) 


(1, 8, 12, 20) 


1 


1 (24, 18, 15, 10) 


10 


(4, 6, 13; 1,3,5) 


(6, 10, 19) 


1 35 


1 (19, 17, 11) 


11 


(3,5, 12; 0, 2, 4) 


(17, 8, 4) 


1 29 


1 (21, 18, 12) 


12 


(2, 4, 11; 0,1,3) 


(3, 6. 15) 


1 24 


1 (22, 19, 13) 


13 


(1, 3, 10; 0,1,2) 


(2, 5, 13) 


1 20 


1 (23, 20, 14) 


14 


(0, 2, 9; 0, 1, 2) 


(1, 4, 12) 


1 1^ 


1 (24, 21, 15) 


15 


(1, 8; 1, 2) 


(3, 11) 


1 


1 (22, 16) 


16 


(0, 7; 0, 2) 


(1, 10) 


1 11 


1 (24, 17) 


17 


(8; 1) 


(8) 


1 ^ 


1 (18) 


18 


(5; 0) 


(6) 


1 8 


1 (19) 


19 


(4; 0) 


(5) 


1 5 


1 (20) 


20 


(3; 0) 


(4) 


1 ^ 


1 (21) 


21 


(2; 0) 


(3) 


1 3 


1 (22) 


22 


(i;0) 


(2) 


1 2 


1 (23) 


23 


(0; 0) 


(1) 


1 1 


1 (24) 



We can now state the main theorem (cf. Theorem 11.11 and Table 1.1): 

Theorem 5.15. Let Xg = {0}. For each k = 1,2, ... ,g, there exists a subfamily o/ Index, 1^, of 
cardinality rik, whose element Ik is such that deg„-i(7fc) > A^fc, and as a function over k~^{@'' \ 

(ej ue'"-^)), 

1^= for Jk )^Ik. 
Moreover, {^k,\\^^\\\'-^-'\ . . . , ^f', ^i^'} C Ik. 

Remark 5.16. The pro perty cr[,j, / over k~^{Q'' \ (9i U S*""^)) is the generalization of Onishi's 



results in [Oil l02l lMO| . Further we note that there exists Jk G Index such that #Jfe = rik but 

cr,/,(ii) = forn e K-i(e* \ (ej u e''"')). 

Using Proposition 13.21 we have the following corollary, which shows aj^ . is also a normalized 
theta function over K.-^{e'' \ (9^ U O'"'^)), cf. Remark 
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Corollary 5.17. For u G k'^ (e''' \ (9^ U e*^"!)), 4 h 2uj' £J + 2uj" £J' ) G U, and Jk G Ik, we have 
aj^iu + l^) = crj,(w)exp(L(^t+ i4,^a))x(^a). (5.13) 

Proof. After we operate the differential operators TT — — on the both sides of Proposition 13.21 we 

restrict the domain to ^"^(6* \ (9j U &'^~^)). Then due to Theorem l5.15l the terms with the lower 
order differentials of a vanish and thus we obtain the relation. □ 



The former part of Theorem 15.151 is the same as Riemann's singularity theorem in Theorem 15.11 
The latter part, which gives a specific subset of Xk, is new and we will show it as follows. 

Lemma 5.18. For g - r - 1 < k < g - 1, Ik = {{1}, {2}, ...,{k + 1}}. 

Proof. Given that a is even or odd, the analysis of it''°' G k"^(9'° \ (9^ U 9*""^)) is essentially 
reduced to that of u'*^! G \ (Wf U W'"'^)). We consider u = u's^^l + w G «:"^(9f \ (9? U 

9""^)) where m'*'"^' G /s:~^(9»"^ \ (9?^^ U 9»~^)). By Theorem [511 and Corollary EH] = 1 
and there exists j such that aj(u^^~^^) is not identically zero. From Theorem 13.41 '^~^') = 
(— 1)*~'/Xg_i,i_i(ii'^~"'^')a"g(u'^~"'^') and thus aj{u^^~^^) does not identically vanish for j = l,...,g. 
Similarly for g — r — l<k<g~l, N^-i = deg„_i (ufc) for k = g — r — l,...,g — 1. Thus for u = 
^jl'^-il+vG K-^(9'=\(9ju9'=-'))andu''=-il G k-'(9'=-'\(9J-'u9'=-')), we have (t,(m['=-^1) does not 
identically equal zero (i = 1, . . . , fc) because cri(«''="^i) = (-l)'="'+Vfc-i,i-i(w'''"^Vfc(^'''°"^')- ^ 

Lemma 5.19. For k < g, Ik contains an element Ik for which I G Ik, ^ = 1, 2, . . . , fc + 1. If a finite 
sequence Ik consists only of elements of {k + 2, . . . , g} and #1^ = n^, it does not belong to X^. 

Proof. The statement is obvious for g~r < fc. We thus consider k < g — r and > 2. Let us assume 
that every Ik G Ik doesn't contain fc + 1. Let li'*' = + v'-''^ G k'^ (9* \ (9? U 9*"^)). The 

assumption means that for every G Index such that ffJk — Uk — 1, (J^fc+ijuj^ (u'*"^') vanishes. 
Since L'Hospital's theorem and Theorem 13.41 show 

o-{i}uJfc(^''''') = (-l)'°~''''Vfc,i-i(w'''V{fc+i}uJfc(«'*~^'), for j < fc 

ffcl \k] (5-14) 

o"{i}uJt(" ) = X cr{fe+i}ujfc(?i ), for i > fc, 

every (T{i}ujj. (u''°') vanishes for every i = 1,2, This contradicts Theorem l5.1l Thus (7{fc+i}u j^. (u'' 

does not vanish identically the statements are proved. □ 

Lemma 5.20. For k < g, the sets i^k and 1]^*'' for i — 1,2, ... ,k belong to Ik- 
Proof. CoroUarv 15. 101 shows that #\\k = and deg^-i\\k = Nk- L'Hospital's theorem and Theorem 
13.41 show that 1]^*' for j = 1, 2, ■ • ■ , fc belongs to Xk if \\k does. Proposition 13. lOl the relation ()2.5[l . and 
Lemma [5TTT] (2) imply that, as a function over k"^(9'° \ (9j U 9''"^), 

a^, + 0, (5.15) 
hence \\k is an element of Xfc. Obviously deg^-i (l]^'') > Nk- □ 



From Proposition I3.1UI we have a corollary: 

Corollary 5.21. For u'*^' G «:"^(W'= \ (Wf U W*"^)), the expansion o/cr[, Jii^) at the origin takes 
the form 

'^^.(«''') = SA(.,(r)|^^^^^___„+ Yl •(««)" 

Wg (a) I > I A 

where Ca G Q[A-,] and Sjy(a){T) ts the lowest- order term in the w-degree of the (T[,^(m'''') is 

homogeneous of degree |A'"'| with respect to the X-degrees. 



Jacobi inversion on strata of the Jacobian of the Crs curve = f{x). II 



\\k\{k + 
'^.h (w) = 0, 

Here we note that there is an element in Ih\ {\\k, \\'k\ 



Remark 5.22. For example, by letting J,; 

«:-i(e'=\eJ), 

due to Theorem 13.41 



1} U{i} for 



1) 



fc + 2, fc + 3, 



and 



(5.16) 



reported in [MO]. There we have an element Ih (H^Ik ~ nu, deg,^,- 
from \\k and satisfies aj^ 7^ as a function over n 



i{^f^\\\^i^^}- Some examples are 
Nk) of Index which differs 



Theorem 15.151 follows from the Lemmas above. 
We can state a stronger version of Theorem 13.41 3. 

Theorem 5.23. Fork < g, (Pi,...,Pfc) G 5*(X\oo)\(5f (X)n5'=(X\oo)) andu = ±w{Pi, . . . , P^) G 

Ji^T = (-l)'-'+Vfc,.-i(A, . . . , Pk). 
Note that neither denominator or numerator in the left-hand side vanish. 



We also state another version of Theorem 13.41 3. besides Theorem 15.231 as follows. 

In the proof of Lemma [5lT1 we note that that /li'^'+b.+i = • ■ • + (^1^''°^)°'"^'""^^ H 

which consists of (|5.1Up for the partition characteristics (ai , . . . , a„j. ; 61 , . . . , b„^, ) of A'*"' . We have the 
following Lemma: 

Lemma 5.24. By using the notations (uf^^ :— r[*^g_;, u^f'^ := r^^^g_j) in Lemma \5.11[ for a 
subsequence Ji — l-^'J^j bg)' ^^(a^^i fcf+i)' ' ' ' ' "^(t' t ) | ^ tlfc ^ '^fc + 1) using the characteristics 
of the partition (ai, 02, . . . , a,n^\ &i, 62, ... , ^n^) 0/ A'*', we have 

( r) \ '*'='5w-i('i'=\-^'!) / „ \ 

^A-^'^"') (^j ^A-(-'^')L.,.„,.- (5.17) 

where e'/^ j^j^^ is a certain non-vamshmg rational number. (Note that Jnj. + i ~ 9-) 

Proof. Let us use the notations in the proof of Lemma [5.11l Using the characteristics of the partition, 
we introduce the Young diagrams given by (ai, . . . , ai;bi, . . . ,bi) such that 

yYl'='"fcl = a''°'. Then by letting t'"''"' := {tk+i, . . . , tg), the determinant of the matrix in the proof of 
Lemma [5.111 Hj, equals the Schur function of A''''*', 

s^[.,,(t(«^'=)) = |//„,_,+ i|. 

Since we are concerned only with the term of (^Ti'''''°V in = 1- ^[(^i'''*^)" ~^ , let us 

pay attention to the behavior of Ti . 

From the Jacobi- Trudi determinant expression in Proposition 13.61 for a Young diagram A, sa 
contains the term 

^^'^^ (A,+j-»)!^^'''^''''^'^'+^-" 
where 6i = 1 for i > and , Si — for i < 0. Then the term Sa,Ti , i.e., the determinant of the matrix 
yAi+j-M^ does not vanish as a polynomial of Ti because by regarding that the matrix 



(Ai+j-iy.- 



( 

consists of the vectors Ui := ^ ^A +j-i)'. '^i'^'^'' ') ' these vectors are independent due to their pattern. 
By considering their weight, Sa.Ti is a monomial tJ"^' with a non-vanishing rational factor. 



On the other hand, (|5.10|l shows that s^[fc] (t'®'*-') has a term ^Ug^''''^ " Iligj;, w'^'*^' up 

to a non- vanishing rational factor, where Hence we have the relation. □ 
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For u'*' G K ^(O*) and it'^' G C^, let us introduce the notations as an extension of Definition 

E331 

and 

We have now the variant proposition: 

Proposition 5.25. Fork < g, (Pi, . . . , Pk) e S'' (X\oo)\(Si {X)nS'' {X\(x)) , u = ±w{Pi,.. .,Pk)£ 

«:-i(e'=), subsequences Je = ji^ , L[^i^^^ , . . . , L[*i^^ j,^^ , | C \\k {£ < n^, + f) usmg the 

characteristics of the partition (ai, a2, . . . , ; 61, 62, ... , 6„j. ) 0/ AW, and ^ — \ {fc + f} U {i} 
{i — 1,2, ... , k), the following relations hold: 

1. For£< Uk, 



(-f)'=-'+VM-i(A,...,PO, 



especially, 



"^■11 Nfc-deg _i(fc + l)(M) 

»+l,3 " w ^' . l ,p p 



2. For I < Uk, we have as a function over k' 

i«/iere < Af' < deg„-i(t]fc \ Je) and J C j)'' such that #J + N' < + deg„-i(l]fc \ Ji), 

and ia, £ n, 

Ai) dog „i(llfc\J;)(w + ^a) = 0- (i) dog „i(l,j^\j^)(u)exp(L(u + i^a,^a))x(^a). 

3. For every 1=1,2,..., Uk, 

o- (i) dcg ,(i,fc\jf)(it) = efe.j^a (,) (it), i = f,...,fc+ 1, 

,9 ™ flfc 

where ek^j^ and are non-vanishing rational numbers. 

Proof. We introduce the quantities and notations; for e K-i(m(5''-(x\oo)\(5f(^)n5''-(A:\c3o))), 
we have {Pi,...,Pg) € S^{X) such that := w(PO for (i = 1,2, mI*'' := Efli^'*''> and 

yls;i] .— E^^^,^-^ u''', (£' = l,...,g). Further we introduce the non-negative integer Nk,j( ~ 
deg„-i(tlfe \ Je)- 

For a sequence J consisting oi {k + 1, k + 2, . . . , g} , Lemma 14.41 which is essentially the same as 
(|5.1ip . gives 

(r\ ^ ( ^ \ " (r\ ^ \ ^(^M)| 

54'7 Kkidu^^J 'Lm=.w va4«^'=V Vsj^^'^'v '"'-'='=0 (5.18) 

+ lower order differentials of (j(u'*'). 
From the proofs of Lemma 15.111 and Lemma 15.241 at u^''^ £ 9''=', (t(u'®') behaves like 



i=i / Tj»^+^_,=^te^l V ' \<.[>AW I (5.19) 

(l + d>(i;('=+i',...,^('')))+6(^'«'), 
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where ^^(11'"') represents the terms which does not contain ^Iir^i ^a'-'+i +i^ ' ^''^'^ ^ Q[Ai]. Then 
we obviously have 

^, «w,("'")=^'^a(^)(^^'^)It(^) E (5-20) 

a|>A('') 

where the weight of the first term is |A'''"'|. 

Since Ji = \\k {k = 1, . . . , g — 2) cases is the same as Theorem 15.151 we consider only Jt 7^ \\k 
(k — 1, . . . , (7 — 2) case. 

Let us consider £ < Uk case. Since k > g — r is also obvious, we consider only k < g — r. Due to 
the Riemann singularity theorem, Theorem 15. II for Ji 7^ \\k, o"j^(«''°') = for k < g — r. On the other 
hand, since the relation (|5.20|l is not identically zero, there may exist a positive integer Nk,jg < Nk,.!^ 
and a subsequence C Je such that we have, as a function over k" 



J'f,9 



+ 0' = 0' (5.21) 



where < A^' < iV^.j,, J' C J[ such that #J' + TV' < #j; + Nk,j, 
Let assume that a , , ^ 

#Je + Nk,jf. From we have 



Let assume that a "k,.i, / for some Nk,ji, < iVfe.j^, Je C Je such that + Nk,ji < 



■ ' "9 



+ remainder, 

where e is a rational number. Thus (T(it''°' + tv^'''^^^) is given by 



+ remainder. 

From Lemma I2jj ■ --7- afu'*' + is not identically zero. If we 

— \^^^(fc+i)JVfc,j^+dog^_i(.7;) y ^ ^]„(fc+i)^o 

assume that TV^.j^, + deg^_i(J^) < Nk, it contradicts CoroUarv 15.41 1.: since the vanishing order A^^ 
of a in Corollary [5]4] agrees with the weight of the inflection at O* [BV] . we conclude that Nk^jf. and 
J'g must be Nk,Ji and Je respectively and (|5.21|l must satisfy. 

From Proposition 13.21 we have the translational formula for fa G H, 

<^ + ^a) = a . (uW) exp(L(M['=l + ^£,, 4))x(4), (5.22) 

as in Corollary 15.171 

Let us consider Je ^ ^ case or f < n^, for i = 1, - ■ ■ , fc, we have 

^)""'( n i^] (<»-("'")■«■.-.("'")) L.„„„ 

because iJ,k,i-i does not vanish for (Pi, . . . , Pk) € 5'°(X\oo) \ {Si{X) nS''{X\oo)) and does not 
diverge due to the assumption, whereas we have the vanishing properties (I5.2ip when = 0. It 

means that for every i = 1, . . . , fc + 1, 

As a function over k~'^{Q'' \ {Qi U O'''^^)), we have 
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where < N' < Nk,jt, J C ^ such that #J ^ N' < #Jt + iVfe^j^, and for £a £ H, 

From Theorem 15.231 for every i = 1, . . . , fc, — , . = — ; — rrj- is a meromorphic 

function over O*, which is denoted by g£(it''°'). 

Let the divisor of the meromorphic function qi{u^''^) as a function of w{Pk) be Pj'^ ~ X^jPj' 
where and p7 effective divisors. We have a ,., (^''°') = (i) (it'*') for 

every i = 1, 2, • ■ • , fc + 1, and every a ^.^ f,^ ^ is an entire function over as a function 

of I)'-*' = w{Pk) for = + m'''"^'. Hence {pj} must be the preimage of the Abel map of a 
subset of the common divisors of cr , ., jy for every i = 1, 2, . . . , fc + 1 and thus there exists 

Nq > and pj — oo (j = 1, . . . , A'^,). Hence qe is expanded as 

/ [fcK / (fc) [fe-lK / (k)\N„ I , (k) , I (fc)x2 , \ 

qiiy ^) = q,\v\\u^ = K ) ^ Yli,(i + <li,\-v\' +qi,2K"g ) H j: 

where every coefficient qi^i is a function of it'*"^' G 0*"^. 

CoroUary 15.211 gives the expansion of a^^ and a , is given by 1)5. 20|) . whereas we have 

a J (w''^') = g£(ii'*')cri]j. (ii'*'). Hence qt is a constant function and Nq = 0. In other words, 

there is a non- vanishing rational number ek,Ji such that 

*.,/,("'") = ^fe.^.'^hW i = l,2,...,fc + l. (5.23) 



Now let us consider Jn^, + l = case. Corollarv l5.4l 2. means that 

(JgN^ / 0, crg„, =0, iV' < iVfe. (5.24) 
Due to (|5.2U|I . we have o-^Nf. (it'*') = efccr^j, («'''' ) for a certain e^. □ 
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